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Let ABC be an acute-angled triangle and let H be its orthocenter. Let /ax
denote the largest altitude of the triangle 4BC. Prove that

AH + BH + CH < 2hmax.
Solution by Arkady Alt , San Jose ,California, USA.

Let R is circumradius of A4BC and let hima, = ha. Since h, = L5 h, = £4

2R 2R’
he = % then h, = max{hs, hp,h.} < a = min{a,b,c}.
Noting that AH = 2RcosA,BH = 2Rcos B,CH = 2R cos C and
hy = 2b_fg = 2RsinBsinC = R(cosA + cos(B — C)) we obtain
AH + BH + CH < 2hmax < 2R(cosA + cosB + cosC) < 2R(cosA + cos(C - B)) <

cosB+cosC < cos(C—B) < 2cos B+C s LB < 20052% -1 <

2 2
(1) 2sin%cos% < 200s2%— 1.
WLOG we can assume that B < C.
0<A4<B
0<Ad<B<C<Z
Then 2 o< Bsn-4-B<L o
A+B+C=r
C=n-A-B
/
~ 0<4
0<A4A<B
- max{A,ﬂ—A} <B< m—A
X Z_g4<p<iz4d o/ 2 2
C=n-A-B -2
~ C=rn-A4-B
B \
< T
0<4 3
T T—A
< max{A,2 A}SBS 3
L C=n-A-B
Since cos CEB = cos# = sin% then
2c0s2%— 1 —2sin%cos CEB = flx) = 2x2—25in% ex—1,
where x = sin % Note that f{(x) increase for x > %sin%
and A+max{24,m =24} _ A+2B _ & max{34,m — A} < A+2B _ &
2 - 2 -2 2 - 2 -2
Since sing < sinAEZB < l,where ¢ := max{3Az,7r—A} and singp > %sin%
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then f(x) > f(sing) = T i
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—c0834 —cosA + cos2A4 = cos24 —2cos24AcosA = (—cos24)(2cosA—-1) >0
because —cos24 > 0 and 2cos4 > 1for 4 € [n/4,n/3
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Let0<A§4.Thenf(sm ) j(cos ) 2cos2 2s1n2 cos2 1
cosA —sin4 > 0.




